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Ž .The best in the L sense approximations of a given function by solutions of2
certain PDEs are found, including approximations by analytic and by harmonic
functions, by incompressible vector fields, and by solutions of the heat equation. In
Ž .each case the problem is reduced to a boundary value problem BVP for a second
or fourth order PDE. The corresponding BVPs are well posed and can be solved
numerically. For some domains, analytic expressions for the solutions are found.
Q 1998 Academic Press
1. ANALYTIC APPROXIMATION
Ž .Suppose f x, y is a given complex-valued function in the domain
V ; R2 with a smooth boundary G. Let us consider the problem of finding
w Ž . xthe best in the L V sense approximation of f by analytic functions2
Ž .u x, y . As is well known, u is analytic in V if and only if it satisfies the
Cauchy]Riemann equation › u q i › u s 0. Hence we can rewrite ourx y
problem as the problem of finding u such that
5 5› u q i › u s 0 and u y f “ min. 1.1Ž .L ŽV .x y 2
Ž . Ž w x.To solve 1.1 we use the following result see 1, Theorem 7 :
THEOREM 1.0. Let H and H be two Hilbert spaces, and let A and Aq1 2
Ž . Ž q.be linear operators with the domains D A and D A acting from H into1
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H and from H into H , respecti¤ely. Also let A and Aq be dual operators in2 2 1
Ž . Ž q . Ž . Ž q.the sense Au, ¤ s u, A ¤ for all u g D A and ¤ g D A . Sup-H H2 1
Ž . q qpose f g D A and ¤ is a solution of AA ¤ s Af. Then u s f y A ¤
pro¤ides the solution of the approximation problem
5 5Au s 0 and u y f “ min. 1.2Ž .H1
w xRemark 1.1. Actually Theorem 7 from 1 states that the best approxi-
mation of f by solutions of Au s g is u s f q Aq¤ , where ¤ satisfies
Ž q .A A ¤ q f s g. Theorem 1.0 follows from here when g s 0 and f g
Ž .D A .
Ž .Remark 1.2. Obviously problem 1.2 is nontrivial only when the equa-
tion Au s 0 is underdetermined, that is, it has infinitely many solutions.
As we will see in this paper, in many applications the equation AAq¤ s Af
is a well-posed equation with a unique solution.
Remark 1.3. Any dual operator Aq is either the conjugate operator A*
or a restriction of A* on a smaller domain. In applications it is usually
simple to verify the duality, but it is hard to check whether Aq is equal to
A* or not, and it is not necessary for our purposes. Actually throughout
this paper Aq is never A*.
Ž . Ž .Now to solve 1.1 let us set H s H s L V ,1 2 2
Au s › u q i › u for u g D A s H 1 V ,Ž . Ž .x y
q q 2 <A ¤ s y› ¤ q i › ¤ s 0 for ¤ g D A s ¤ g H V , ¤ s 0 4Ž . Ž . Gx y
sŽ .with the usual notation H V for Sobolev spaces.
Ž . Ž q.Green's formula states that for all u g D A and ¤ g D A ,
› u q i › u ¤ dx dy s u y› ¤ q i › ¤ dx dy ;Ž .HH HH Ž .x y x y
V V
q q Ž 2 2 .hence A and A are dual operators. Also AA s y › q › s yDx y
Ž q. Ž q.with the domain D AA s D A . Thus Theorem 1.0 brings us to the
following theorem:
1Ž .THEOREM 1.1. Let f g H V and ¤ be the solution of the Dirichlet
problem for Poisson's equation
<D¤ s y› f y i › f , ¤ s 0. 1.3Ž .Gx y
Then u s f q › ¤ y i › ¤ is the solution of the approximation problemx y
Ž .1.1 .
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Ž .Note that 1.3 is a well-posed problem with the unique solution ¤ g
2Ž . Ž .H V , which can be found numerically or for some simple domains
analytically.
In examples in this and the next section we use standard notations:
1 1z s x q iy , z s x y iy , › s › y i› , › s › q i› .Ž . Ž .z x y z x y2 2
< <EXAMPLE 1.1. Let V be the unit circle z F 1. Then solution ¤ of
Ž .problem 1.3 can be written as
¤ x , y s y2 G z , z › f x , y dx dy ,Ž . Ž . Ž .HH 0 z 0 0 0 00
V
where G is Green's function for the Laplacian operator in the unit circle:
y1 1 y z z0
G z , z s lnŽ .0 2p z y z0
Ž w x.see 2, pp. 131]132 . According to Theorem 1.1 the required u is
u s f q 2 › ¤ s f y 4 › G z , z › f x , y dx dy ,Ž . Ž .HHz z 0 z 0 0 0 00
V
where
< < 21 y z0
› G z , z s .Ž .z 0 4p 1 y z z z y zŽ .Ž .0 0
Thus the best analytic approximation of a given nonanalytic function
Ž . < <f x, y in the unit circle z F 1 is the function
< < 21 1 y z0
u x , y s f x , y y › f x , y dx dy .Ž . Ž . Ž .HH z 0 0 0 00p 1 y z z z y zŽ .Ž .0 0V
2. HARMONIC APPROXIMATION
Ž . Ž . mLet f x s f x , . . . , x be a given function in the domain V ; R1 m
with a smooth boundary G. Now we consider the problem of finding the
w Ž . x Ž .best in the L V sense approximation of f by harmonic functions u x :2
5 5Du s 0 and u y f “ min. 2.1Ž .L ŽV .2
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Ž .We choose H s H s L V ,1 2 2
Au s Du for u g D A s H 2 V ,Ž . Ž .
q q 4 < <A u s D¤ for ¤ g D A s ¤ g H V , ¤ s 0, › ¤ s 0 .Ž . Ž . 4G Gn
Operators A and Aq are dual according to Green's formula
Du ¤ dx dy q u › ¤ ds s u D¤ dx dy q › u ¤ dsHH HHE En n
G GV V
with u , ¤ g H 2 V ,Ž .
Ž q. q 2where integrals over G vanish due to our choice of D A . Also AA s D
Ž q. Ž q.with the domain D AA s D A . Hence from Theorem 1.0 it follows:
2Ž .THEOREM 2.1. Let f g H V and ¤ be the solution of the Dirichlet
problem for the biharmonic equation
2 < <D ¤ s D f , ¤ s 0, › ¤ s 0. 2.2Ž .G Gn
Ž .Then u s f y D¤ is the solution of the approximation problem 2.1 .
Ž . 4Ž .Problem 2.2 is a well-posed with the unique solution ¤ g H V . This
solution can be found numerically or sometimes analytically as shown
below.
< <EXAMPLE 2.1. Let V be the unit circle z F 1. Then solution ¤ of
Ž .problem 2.2 can be written as
¤ x , y s G z , z D f x , y dx dy ,Ž . Ž . Ž .HH 0 0 0 0 0
V
where G is Green's function for the biharmonic operator in the unit circle:
1 y zz02 2 2< < < < < <G z , z s 2 z y z ln y 1 y z 1 y zŽ . Ž . Ž .0 0 0z y z0
Ž w x.see 3, p. 227 . According to Theorem 2.1 the desired u is
u s f y D¤ s f y DG z , z D f x , y dx dy .Ž . Ž .HH 0 0 0 0 0
V
Direct calculation shows that
DG z , z s 4› › G z , z is equal toŽ . Ž .0 z z 0
2 2< < < <1 y zz 1 y z z 1 y zŽ . Ž .0 0 0
4 2 ln y .2z y z < <1 y zz0 0
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Thus the best harmonic approximation of a given nonharmonic function
Ž . < <f x, y in the unit circle z F 1 is the function
2 2< < < <1 y zz 1 y z z 1 y zŽ .Ž .0 0
u x , y s f x , y y 4 2 ln yŽ . Ž . HH 2z y z < <1 y zz0 0V
=D f x , y dx dy .Ž .0 0 0 0
3. APPROXIMATION BY INCOMPRESSIBLE VECTOR
FIELDS
Ž . Ž Ž . Ž . Ž .. Ž .Suppose f x s f x , f x , f x , where x s x , x , x , is a given1 2 3 1 2 3
Ž . 3vector field vector function in the domain V ; R with a smooth bound-
ary G. For such functions we will use L and Sobolev spaces with the2
norms
1r2 1r23 3
2 2
3 s 3 s5 5 5 5 5 5 5 5f s f , f s f .Ý ÝL ŽV , C . L ŽV . H ŽV , C . H ŽV .i i2 2ž / ž /
is1 is1
ŽLet us consider the problem of finding an incompressible divergence-
. Ž . Ž Ž . Ž . Ž ..free vector field u x s u x , u x , u x that provides the best, in the1 2 3
Ž 3. Ž .L V, C sense, approximation of f x , that is,2
5 5 3div u s 0 and u y f “ min. 3.1Ž .L ŽV , C .2
Ž 3. Ž .We choose H s L V, C , H s L V ,1 2 2 2
Au s div u s › u q › u q › u for u g D A s H 1 V , C 3 ,Ž . Ž .x 1 x 2 x 31 2 3
Aq¤ s ygrad ¤ s y › ¤ , › ¤ , › ¤Ž .x x x1 2 3
q 2 <for ¤ g D A s ¤ g H V , ¤ s 0 . 4Ž . Ž . G
q Ž .Then operators A and A are dual because div u, ¤ sL ŽV .2
Ž . Ž . Ž q. q3y u, grad ¤ for all u g D A and ¤ g D A . Also AA s yDL ŽV , C .2
Ž q. Ž q.with the domain D AA s D A . Thus from Theorem 1.0 we obtain
1Ž 3.THEOREM 3.1. Let f g H V, C and ¤ be the solution of the Dirichlet
problem for the Poisson equation
<D¤ s div f , ¤ s 0. 3.2Ž .G
Ž .Then u s f y grad ¤ is the solution of the approximation problem 3.1 .
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Ž .Problem 3.2 is a well-posed problem with the unique solution ¤ g
2Ž .H V , which can be found numerically or, sometimes, analytically.
Remark 3.1. Equations › u q i › u s 0 and Du s 0 from problemsx y
Ž . Ž .1.1 and 2.1 were underdetermined because of the lack of boundary
Ž .value conditions with them. Equation div u s 0 from 3.1 , which is a
scalar equation for a vector function, is underdetermined regardless of
a boundary value condition.
Ž .EXAMPLE 3.1. Let V be half-space x G 0. Then the solution of 3.2 is3
¤ s G x , j div f j dj ,Ž . Ž .HHH
V
where G is Green's function in half-space:
1 1 1
G x , j s y , j s j , j , j ,Ž . Ž .1 2 3ž /< < < <4p x y j * x y j
j * s j , j , yjŽ .1 2 3
Ž w x.see 2, p. 153 . From here we find that
1 x y j x y j x y j x y j1 1 1 1 2 2 2 2
grad G x , j s y , y ,Ž . 3 3 3 3ž4p < < < < < < < <x y j x y j * x y j x y j *
x y j x q j3 3 3 3y . 3.3Ž .3 3 /< < < <x y j x y j *
Ž .Thus the best approximation of a given vector field f x in half-space
x G 0 by incompressible vector fields is the vector field3
u x s f x y grad G x , j div f j dj ,Ž . Ž . Ž . Ž .HHH
x G03
Ž . Ž .where grad G x, j is given by 3.3 .
4. APPROXIMATION BY TEMPERATURE
DISTRIBUTIONS
In the first three sections we discussed approximation by solutions of
certain underdetermined elliptic problems. This section discusses approxi-
mation by solutions of an underdetermined parabolic problem, which
consists of the heat equation and boundary value conditions, but with
NOTE658
unknown initial value of the solutions. Suppose V is a one-, two-, or
three-dimensional domain with the boundary G, D is the Laplacian acting
Ž . w x <in domain V, and f t, x is a given function in 0, T = V, f s 0. Let usG
consider the problem
2 < 5 5› u y a Du s 0, u s 0, and u y f “ min. 4.1Ž .G L Žw0, T x=V .t 2
The function u here may be interpreted as temperature distribution in V.
1 2 Žw x .Let us define H s H s L 0, T = V ,2
2 1, 2 <w xAu s › u y a Du for u g D A s u g H 0, T = V , u s 0 , 4Ž . Ž . Gt
q 2 q 2, 4 w xA ¤ s y› ¤ y a D¤ for ¤ g D A s ¤ g H 0, T = V ,Ž . Ž .t
<¤ 0, x s ¤ T , x s 0, ¤ s 0 .4Ž . Ž . G
m , sŽw x . m , sŽw xHere H 0, T = V is the anisotropic Sobolev space: u g H 0, T
. a b Žw x . < <= V if › › u g L 0, T = V for all a F m, b F s. Because of Green'st x 2
formula, A and Aq are dual operators, and also AAqs y› 2 q a4D2 witht
the domain
q 2, 4 <w xD AA s ¤ g H 0, T = V , ¤ 0, x s ¤ T , x s 0, ¤ s 0,Ž . Ž . Ž .Ž . G
<› ¤ q D¤ s 0 .4Ž . Gt
Thus Theorem 1.0 brings us to the following
1, 2Žw x . <THEOREM 4.1. Let f g H 0, T = V , f s 0, and ¤ be the solutionG
of the problem
y› 2 ¤ q a4D2 ¤ s › f y a2D f , ¤ 0, x s ¤ T , x s 0,Ž . Ž .t t
< <¤ s 0, › ¤ q D¤ s 0. 4.2Ž . Ž .G Gt
Ž .Then u s f q › ¤ q D¤ is the solution of approximation problem 4.1 .t
Ž .Note that 4.2 is a well-posed problem, which can be solved numerically
or, for some simple V, by separation of variables. In our example we
1 Ž .choose V s R and use the Fourier transform to solve 4.2 .
Ž .EXAMPLE 4.1. For the given function f t, x , 0 F t F 1, y‘ - x - ‘,
Ž .we consider the problem of finding u t, x such that
2 5 5› u y › u s 0 and u y f “ min. 4.3Ž .L Žw0, 1x=V .t x 2
Ž .According to Theorem 4.1 the answer to 4.3 is given by u s f q › ¤ qt
2 2 4 2 Ž .› ¤ , where ¤ is the solution of y› ¤ q › ¤ s › f y › f , ¤ 0, x sx t x t x
Ž .¤ 1, x s 0.
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Ž . Ž . Ž .If we call ¤ t, j the Fourier image of ¤ t, x , then ¤ t, j satisfiesÄ Ä
y› 2 ¤ q j 4 ¤ s g t , j , ¤ 0, j s ¤ 1, j s 0,Ž . Ž . Ž .Ä Ä Ä Ä Ät
Ä 2 ÄŽ .where g t, j s › f q j f. The solution of the last problem isÄ t
1 1 2¤ t , j s g t , j cosh j t dtŽ . Ž .Ä ÄH2 žj t
12 2 2y coth j g t , j sinh j t dt sinh j tŽ .Ž . ÄH /0
1 t 2 2q g t , j sinh j t dt cosh j t .Ž .ÄH2 ž /j 0
Ä 2Substituting ¤ into u s f q › ¤ y j ¤ we obtainÄ Ä Ä Ät
1 2Äu s f q g t , j cosh j t dtŽ .Ä ÄHž t
12 2 2y coth j g t , j sinh j t dt exp j tŽ .Ž . ÄH /0
t 2 2q g t , j sinh j t dt exp yj t . 4.4Ž . Ž .Ž .ÄHž /0
Ä 2 Ä Ž .We can now substitute g s › f q j f into 4.4 and rewrite it completelyÄ t
Ä Äin terms of f , eliminating › f by using the integration by parts, but we dot
Ž .not find such an expression for u simpler than 4.4 .Ä
Ž . Ž .Thus the Fourier image u t, j of the solution u t, x of approximationÄ
Ä 2 ÄŽ . Ž . Ž .problem 4.3 is given by 4.4 , where g t, j s › f q j f.Ä t
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